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Lecture 18: Randomized CP - II
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Outline

1 CP-ARLS-Mix

2 CP-ARLS-Lev
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Kronecker FJLTs

min
B
‖ZB> −X>‖2F

Z = Ad � · · · �Ak+1 �Ak−1 � · · · �A1

min
B
‖SF̄D̄ZB> − SF̄D̄X>‖2F

S is s×N sampling matrix

F̄ = Fd ⊗ · · · ⊗ Fk+1 ⊗Fk−1 ⊗ · · · ⊗ F1.

D̄ = Dd⊗· · ·⊗Dk+1⊗Dk−1⊗· · ·⊗D1.
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Mixing KRP Efficiently Using Kronecker FJLT

SF̄D̄Z = S(F2 ⊗F1)(D2 ⊗D1)(A2 �A1)

= S ((F2D2)⊗ (F1D1)) (A2 �A1)

= S ((F2D2A2)� (F1D1A1))

= S(Â2 � Â1)
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Pre-Mixing Tensor

Need to compute sketched right hand side. . .

SF̄D̄X> = S(F2 ⊗F1)(D2 ⊗D1)X
>
(3)

Pre-mixed tensor

X̃ = X ×1 F1D1 ×2 F2D2 ×3 F3D3

X̃>(3) = (F2D2 ⊗F1D1)X
>
(3)(F3D3)

>

Sample before unmixing

SF̄D̄X> = (SX̃>(3))D3F∗3

min
B
‖SF̄D̄ZB> − SF̄D̄X>‖2F
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CP-ARLS-Mix Algorithm

Inputs: Tensor X ∈ Rn1×n2×···×nd , desired rank r ∈ N, number of samples s ∈ N.
1 Initialize Ak ∈ Rnk×r for all k ∈ [d]
2 Draw random diagonal Dk for all k ∈ [d]
3 Compute Ãk = FkDkAkfor all k ∈ [d]
4 Compute X̃ = X ×1 F1D1 ×2 F2D2 · · · ×d FdDd

5 Ω←sampled indices for function value estimation
6 repeat
7 for k = 1, . . . , d do
8 S ← random rows of I scaled by 1/

√
s.

9 Ẑ ← SKRP(S, Ã1, . . . , Ãk−1, Ãk+1, . . . , Ãd)

10 X̂ ← F∗kDk

(
STU(S, X̃ , k)

)
11 Ak ← arg minB ‖ẐB> − X̂>‖2F
12 Ãk ← FkDkAk

13 end
14 until SFV(Ω,X ,A1,A2, . . . ,Ad) ceases to decrease
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Is the KFJLT adequate? YES

min
B
‖SF̄D̄ZB> − SF̄D̄X>‖2F

S is s×N sampling matrix

F̄ = Fd ⊗ · · · ⊗ Fk+1 ⊗Fk−1 ⊗ · · · ⊗ F1.

D̄ = Dd ⊗ · · · ⊗Dk+1 ⊗Dk−1 ⊗ · · · ⊗D1.

R. Jin, T. G. Kolda, and R. Ward. Faster Johnson Lindenstrauss Transforms via Kronecker
Products, Information and Inference, 2020

O. A. Malik, and S. Becker. Guarantees for the Kronecker Fast Johnson Lindenstrauss Transform
Using a Coherence and Sampling Argument, Linear Algebra and its Applications, 2020
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Recall: JL Lemma

JL Lemma

Let Φ ∈ Rm×N have independent entries sij ∼ 1√
m
N (0, 1). If m = O

(
log(p)
ε2

)
, then for any

set of n data points x1, . . . ,xp ∈ RN , with high probability:

(1− ε)‖xi − xj‖2 ≤ ‖Φxi − Φxj‖2 ≤ (1 + ε)‖xi − xj‖2

The Fast JL Lemma

Let Φ = SHD ∈ Rm×N be a subsampled randomized Hadamard transform with

m = O
(
log(N) log(p)

ε2

)
. Then for any set of p data points x1, . . . ,xp ∈ RN , with high

probability,
‖Φxi‖2 = (1± ε)‖xi‖2.
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KFJLT

KFJL Result

Let Φ = S(FdDd ⊗ · · · ⊗ F1D1) ∈ Rm×N be a KFJLT with m = O
(
log(N) log2d−1(p)

ε2

)
.

Then for any set of p data points x1, . . . ,xp ∈ RN , with high probability,

‖Φxi‖2 = (1± ε)‖xi‖2.

R. Jin, T. G. Kolda, and R. Ward. Faster Johnson Lindenstrauss Transforms via Kronecker
Products, Information and Inference, 2020
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KFJLT and LS regression

KFJLT-Sketch and solve

Given a matrix A ∈ RN×r and a fixed vector b ∈ RN , let x∗ = minx∈Rd ‖Ax− b‖2. Let
Φ = S(FdDd ⊗ · · · ⊗ F1D1) ∈ Rm×N be a KFJLT with

m = O

(
r2d log(N) log2d−1(r)

ε

)
,

and if x̃ = minx∈Rd ‖Φ(Ax− b)‖2, then, with high probability,

‖Ax̃− b‖2 ≤ (1 + ε)‖Ax∗ − b‖2.

R. Jin, T. G. Kolda, and R. Ward. Faster Johnson Lindenstrauss Transforms via Kronecker
Products, Information and Inference, 2020
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CP-ARLS faster than CP-ALS
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Leverage scores and incoherence

Leverage scores

Given A ∈ RN×r, and an orthonormal basis U for span(A), for i ∈ [n], the ith leverage
score

`i(A) = sup
x

(Ai∗x)2

‖Ax‖2
= ‖Ui∗‖2.

Coherence

The coherence of A ∈ RN×r, denoted by µ(A) is the maximum leverage score, i.e.,

µ(A) = max
i∈[N ]

`i(A).

We have r
N ≤ µ(A) ≤ 1.

We say A is incoherent if µ(A) ≈ r
N .
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Is the KRP incoherent?

min
B
‖ZB> −X>‖2F

Khatri-Rao Product:

Z = Ad � · · · �Ak+1 �Ak−1 � · · · �A1

Lemma 1: µ(A⊗B) = µ(A)µ(B)

Lemma 2: µ(A�B) ≤ µ(A)µ(B)

KRP is incoherent if the factor matrices are!
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Recall: Leverage score sampling

Sampling for LS

Given a matrix A ∈ RN×r and a fixed vector b ∈ RN , let x∗ = minx∈Rd ‖Ax− b‖2. Let
S ∈ Rm×N be a sampling matrix with probabilities pi = `i/r, and Si∗ = ej/

√
mpj with

Pr(j = i) = pi. If m = O(r log(r/δ)/ε) and x̃ = minx∈Rd ‖S(Ax− b)‖2, then, with high
probability,

‖Ax̃− b‖2 ≤ (1 + ε)‖Ax∗ − b‖2.

We also saw a procedure for approximately estimating the leverage scores.
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Sparse Tensors

We can store a sparse tensor in size proportion to its number of nonzeros nnz

norm estimation of sparse tensors is also efficient.
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CP for sparse tensors

min
B
‖ZB> −X>‖2F
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CP by sampling

min
B
‖ZB> −X>‖2F min

B
‖ΩZB> − ΩX>‖2F
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Bounding Leverage Scores
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Sampling Piecemeal
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Accuracy of Sketched ALS for 3-way Tensors
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Hybrid Deterministic and Randomly Sampled Rows
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Find All High Probability Rows without Computing All Probabilities
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Efficiently Extract RHS from (Sparse) tensor
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CP-ARLS-Lev
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Hybrid leverage score sampling
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Matlab Demo
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