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Recall: Embeddings

Embedding

A matrix S € R™*" is an e-embedding of set P C R™ if, for all y € P,

ISyl = (1 £ e)llyll2-
We will call S a “sketching matrix”.
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Gaussian sketching matrix
Vector embedding also known as Distributional JL. Lemma.
Distributional JL

Let S € R™*4 have independent entries s;; ~ \/—%N(O, 1). fm=0 (loiglﬁ), then for
any vector y € R%, e € (0, 1], with probability (1 — §):

ISyl3 = (1 + e)llyll3-
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Gaussian sketching matrix

Vector embedding also known as Distributional JL. Lemma.

Distributional JL

Let S € R™*4 have independent entries s;; ~ \/—lm./\/'(O, 1). fm=0 (loiglﬁ), then for
any vector y € R%, e € (0, 1], with probability (1 — §):

ISyl3 = (1 + e)llyll3-

Proof: We know that E[||Sy||2] = ||y||3 . We have

ISyl3 =-S5 9) = - SO, lylR)
=1 =1

Chi-squared random variable with m degrees of freedom.
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Chi-squared random variable

Let z be a Chi-squared random variable with m degrees of freedom

Pr{|z — E[z]| > ¢E[z]} < 2exp(—e?m/16).

We have E[z] = E[||Sy|13] = Iyl -

So, setting m = O (loggﬁ), we obtain the result.
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Gaussian - JL property

JL Lemma

Let S € R™*? have independent entries 8ij ~ \/LEN(O, ). Ifm=0 <‘°§§")), then for any
set of n data points @, ...,x, € R? , with probability at least 9/10:

(1 =)z — zjll2 < [|Szi — Szjll2 < (14 )| — 22
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Gaussian - JL property

JL Lemma

Let S € R™*? have independent entries 8ij ~ \/LEN(O, ). Ifm=0 (‘°§§”)>, then for any
set of n data points @, ...,x, € R? , with probability at least 9/10:

(1 =)z — zjll2 < [|Szi — Szjll2 < (14 )| — 22

Proof: Fix i,j € [d], let y = ; — x;. By the Distributional JL Lemma, with probability
1-—0:

1S (@; —z))[3 = (1 £ €) |l — ;3.
Set § = 1/n%. Since there are < n? total 7, j pairs, by a union bound we have that with
probability 9/10, the above will hold for all i, j, for:
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Gaussian - Subspace embedding

Subspace embedding

Let S € R™*" have independent entries s;; ~ \/%71/\/'(0, 1). fm=0 (dlog(l/a)
given A € R™*? with probability at least 1 — 4:

1S Az|]y = (1 £ €)[| Az[|,.

T), then for a

Embedding a d-dimensional subspace U = span(A) = span(U) C R™.

ISUx|l2 = (1 £e)|x|2 or HUTSTSU —Ilj2 <€
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Recall the e-Net argument.

We know [N (€)] < (14 2)<.
If S is distributional JL. with failure probability &, taking union of the e-net size, we get

the result, with
= O (dloggl/d)) ‘
€

UT Austin CSE 392/CS 395T/M 397C Feb, 2025 9/26



AMM to embedding

Given A € R™? with n > d,rank(A) = 7; B € R**™;¢,6 > 0. Let S be chosen (with
oblivious distribution) such that, with probability at least 1 — o:

IBSTSA — BA||p < €| Al|r|| B

Then, S is an € * r-embedding of span(A).
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AMM to embedding

Given A € R™*? with n > d,rank(A) =r; B € RY>": ¢ § > 0. Let S be chosen (with
oblivious distribution) such that, with probability at least 1 — o:

IBSTSA — BA||p < €| Al|r|| B

Then, S is an € * r-embedding of span(A).

Set B = A", and since S is oblivious, let us assume A is orthonormal. Then,

|ATSTSA —I||s<|ATSTSA—I||r <¢||A||% = er.
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JL moment property

JL moment

A distribution on § € R™*? has the (¢, §, £)-JL. moment property if for all y € R? with

lyll2 =1, o
EslllSyllz =1/ < € - 0.
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JL moment property

JL moment

A distribution on § € R™*? has the (¢, §, £)-JL. moment property if for all y € R? with
lyllz =1,

Es[|lISyl3 — 1|] < - 6.

For ¢ = 2, and if E[||Sy||2] = 1 we have

Var(||Sy|3) < €6 or sd(||Syll3) < eV.
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JL moment and AMM

Given A € R™4; B e R¥*":¢ § > 0. Let S satisfy the (€, 0, ¢)-JL moment property for
¢ > 2, then with probability at least 1 — 9:

IBSTSA — BA|F < 3¢|A|r| B
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JL moment and AMM

Given A € R™ 4 B € R¥*":¢ § > (0. Let S satisfy the (€, 0, ¢)-JL moment property for
¢ > 2, then with probability at least 1 — 9:

IBSTSA — BA|F < 3¢|A|r| B

Proof: We follow proof of Theorem 2.8 in Dr. Woodruff’s monograph.

For x,y € R™, we have

(Sz,Sy) __
[zll2llyll2
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JL moment and AMM

Given A € R™ 4 B € R¥*":¢ § > (0. Let S satisfy the (€, 0, ¢)-JL moment property for
¢ > 2, then with probability at least 1 — 9:

IBSTSA — BA|F < 3¢|A|r| B

Proof: We follow proof of Theorem 2.8 in Dr. Woodruff’s monograph.

For x,y € R™, we have

(Sz,Sy) __
[zll2llyll2

Minkowski’s inequality : [Ix + yll, < lIxll, + llyllp-
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For unit vectors x,y € R", we have

I(Sx, Sy) — (z,y)ll, =
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For unit vectors x,y € R", we have

I(Sx, Sy) — (z,y)ll, =

Define a random variable

1

Xiim
Y | Bisll2 ]l Ay]l2

((SBix, SA.;) — (Bix, Asj))

Then,

NBSTSA — BA|%lly2 =
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For unit vectors x,y € R", we have

I(Sx, Sy) — (z,y)ll, =

Define a random variable

1

Xiim
Y | Bisll2 ]l Ay]l2

((SBix, SA.;) — (Bix, Asj))
Then,
| BSTSA — BA|Zlly =

Using
E|BSTSA - BA|} = I|BSTSA - BA|}IL2,

and Markov’s inequality we get the result.
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Gaussian sketch and AMM

Given A € R4 B e R¥*": ¢ § > (.

Let S € R™*" have independent entries s;; ~ \/LEN(O, 1) and m = O(e~25~1), then with
probability at least 1 — §:

IBSTSA -~ BA|F < ¢l|A|r||B||r.
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Gaussian sketch and AMM

Given A € R4 B e R¥*": ¢ § > (.

Let S € R™*" have independent entries s;; ~ \/Lmj\/'((), 1) and m = O(e~25~1), then with
probability at least 1 — §:

|IBSTSA - BA|p < €| A|p|B| s

For Gaussian sketch, with ¢ = 2, JL, moment is

Var(|Syl3) < 2/m.

Since Var(L1y?2)) = #Var(x?n) =2m/m? = 2/m.

We set 2/m < €25/6.
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Gaussian sketch and AMM

Given A € R4 B e R¥*": ¢ § > (.

Let S € R™*" have independent entries s;; ~ \/LEN(O, 1) and m = O (bgiﬁ), then with
probability at least 1 — §:

IBSTSA— BA|r <€A | Bl

Consider ¢ = O(log(1/6)). Then, the ¢-th central moment of x2, is of the form
2 (cym?? 4 ¢3). So, if we choose m = O (bggﬁ), we have:

o = €22(2/0) < .
m
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Two approaches

We have seen two approaches to go from vector embeddings to subspace embeddings.
Let |U||% = d,rank(A).

o Using e-nets:

Pr[|[UTSTSU — I|n. > ] < Cle ™
— Pr[|UTSTSU - I||; > 2¢] < ¢l ™

e using JL moment:

14

1
WEHUTSTSU —I|of| <€

¢
1
— Pr[EHUTSTSU — Il >€ <6
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SHRT: Subsampled Randomized Hadamard Transform

Original JL:
e S is picked to be random matrix (orthogonal columns), i.i.d entries.
e Computing SA takes O(mnd) time.

Faster scheme: pick a random orthogonal matrix, but:
e fewer random bits.

o faster to apply.

Fast JL: Using Subsampled Randomized Hadamard Transform (SRHT)
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SRHT

The SRHT is a matrix PH D, where
e D € R™ ™ is diagonal matrix with i.i.d +1 on diagonal

o H c R™" is a Hadamard matrix

e P € R™*™ uniformly samples the rows of HD.

oo = O

oo O

O = OO

o O O

Moo oo
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Hadamard matrices

Hadamard matrices have recursive structure.
o Let Hy € RY™! be [1].

o Let Hi1q = \/Li [gl _IZ] for i > 0.
So,
1 1 1 1
1 11 1 111 -1 1 -1
Hl_ﬁ[l —1]’H2_§ 11 -1 -1
1 -1 -1 1

In general, Hj, is 2F x 2 matrix with +1 entries scaled by 1/2k/2.
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Hadamard properties

o Hadamard matrices are orthogonal.

H'H,=H?=1
o For any x € R",n = 2*, we have ||[Hz||2 = ||z|)2, also |HDz||z = |z
e Matvecs Hx can be computed in O(nlogn) time for € R?,n = 2F,

Suppose & = [2] € R?, where @y, @ € R27.

) _ | Hiza+H;z2
Then, Hyyia = [fotihe |

So, we can compute H;, 12 in linear time from H;x,, H;xs.
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Randomized Hadamard analysis

SHRT mixing lemma

Let H be an (n x n) Hadamard matrix and D a random +1 diagonal matrix. Let
z = HD=zx for x € R". With probability 1 — 9, for all ¢ simultaneously,

clog(n/d)
2 < SIEO/D) g

for some fixed constant c.

The vector is very close to uniform with high probability.

12[13 = | HDz|3 = ||3.
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Randomized Hadamard analysis

z; is a random variable with mean 0 and variance |z||3/n, which is a sum of independent
random variables.
Can apply Bernstein type concentration inequality to prove the bound:

Rademacher Concentration

Let rq,...,r, be Rademacher random variables (i.e. uniform +1’s). Then for any vector
a € R",
n
Pr [Z ria; > tl|all2| < e /2
i=1 |
z; = h{ Dx and let h] D = \/Lﬁ[rl,rg, ..., "], where r;’s are random +1’s.

t = 4/log(n/d) and apply union bounds over all n entries.
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Fast JL

The Fast JL Lemma

Let S = PHD € R™*"™ be a subsampled randomized Hadamard transform with
m =0 (bg(n/éz#w). Then for any fixed & € R™. With probability 1 — ¢,

IS5 = (1% €)l||3.

Proof: Apply Hoeffding’s inequality for the sum of m entries.

UT Austin

CSE 392/CS 395T /M 397C

Feb, 2025

23 /26



SRHT embeddings

SRHT - subspace embedding

For § = PHD € R™" and A € R™4, if m = O (MM) then with probability
at least 1 — §:

1S Az = (1 £ €)[| Az[|.
We can compute the sketch SA in O(mdlog(n)) time.
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o Sarlos, Tamas. “Improved approximation algorithms for large matrices via random
projections.” 2006 47th annual IEEE symposium on foundations of computer science
(FOCS’06). IEEE, 2006.

o Woodruff, David P. “Sketching as a tool for numerical linear algebra.” Foundations
and Trends®) in Theoretical Computer Science 10.1-2 (2014): 1-157.
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Questions?
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