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Kronecker FJLTs

min | ZBT - X[}

N Z xT It

n

min |SFDZB" — SFDX"|%

e S is s x N sampling matrix
O F=Fi® @ Fps1 ® Fpo1 @ ® Fi.
e D=D;® - ®@Dy11®Dj_1®---®D.
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Mixing KRP Efficiently Using Kronecker FJLT

SFDZ = S(F, ® F1)(Dy @ D1)(Az ® Ay)
A | mEp | A, = 5 ((FoDs) ® (FiDy)) (A2 © Ay)
Matrices = S ((F2D2A5) ® (F1D1Ay))
A - A, =S(A2®A1)
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Pre-Mixing Tensor

Need to compute sketched right hand side. . .

SFDX' = S(Fo® F1)(Dy ® D1) X}
Pre-mixed tensor
/f' =X X1 .7:1D1 X9 ]:QDQ X3 ]:3D3

Xy = (FaDy @ F1D1) X 5 (F3D3) "

Sample before unmixing

SFDX' = (SX/y))DsF;
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CP-ARLS-Mix Algorithm

Inputs: Tensor X € R™"*"2X X4 degired rank r € N, number of samples s € N.
Initialize Ay € R™*" for all k € [d]
Draw random diagonal Dy, for all k € [d]
Compute Ay, = FpDypAifor all k € [d]
Compute X = X x| F1 Dy Xg FoDy -+ xq FqDy
) <—sampled indices for function value estimation
repeat
for k=1,...,d do
S < random rows of I scaled by 1/4/s.
Z — SKRP(S, Al, - ,Ak_l, Akz—i—l’ ceey Ad)
X « FiD, (STU(S, X, k:))

Ay« argming || ZBT — X T|%
Ak — ]:'kaAk
end
until SFV(Q, X, Ay, Ay, ..., Ay) ceases to decrease
Mar, 2025  7/27
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Is the KFJLT adequate? YES

min |SFDZB" — SFDX " |%

S is s x N sampling matrix
ﬁ:fd®"'®fk+1®fk_1®"'®f1.
° D:Dd®"'®Dk+1®Dk_1®"'®D1.

R. Jin, T. G. Kolda, and R. Ward. Faster Johnson Lindenstrauss Transforms via Kronecker
Products, Information and Inference, 2020

@ O. A. Malik, and S. Becker. Guarantees for the Kronecker Fast Johnson Lindenstrauss Transform
Using a Coherence and Sampling Argument, Linear Algebra and its Applications, 2020
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Recall: JL Lemma

JL Lemma

Let ® € R™Y have independent entries s;; ~ \/LEN (0,1). f m=0 (log(p )> then for any
set of p data points x1,...,x), € RY, with high probability:

(1= e)llzi — zjll2 < |2i — Pxjll2 < (1 + €)||zi — z4]|2
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Recall: JL Lemma

JL Lemma

Let ® € R™Y have independent entries s;; ~ \/LEN 0,1). fm=0 (log( )) then for any
set of p data points x1,...,x), € RY, with high probability:

(1 =)l — zjll2 < [|Pzi — Pajlls < (1 + €)f|@; — z;]2

The Fast JL. Lemma

Let ® = SHD € R™*¥ be a subsampled randomized Hadamard transform with
m =0 (M). Then for any set of p data points x1,...,x, € RY, with high
probability,

[Pilla = (1 £ €)[i]2-
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KFJLT

KEFJL Result

Let ® = §(FyDy® - ® F1D1) € R™*N be a KFJLT with m = O (M)

Then for any set of p data points x1,...,x), € R with high probability,

[@zs]l2 = (1 % €)||il|2-

@ R. Jin, T. G. Kolda, and R. Ward. Faster Johnson Lindenstrauss Transforms via Kronecker
Products, Information and Inference, 2020
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KFJLT and LS regression

KEFJLT-Sketch and solve

Given a matrix A € RV*" and a fixed vector b € RV, let * = mingcpa || Az — bl|2. Let
®=8(FyDy®---® F1D;) € R™*N be a KFJLT with

m— O <r2d log(N) log2d_1(r)) ’

€
and if £ = mingcpga [|P(Ax — b)||2, then, with high probability,

|Az — bl|s < (1 + €)[| Az — b|5.

@ R. Jin, T. G. Kolda, and R. Ward. Faster Johnson Lindenstrauss Transforms via Kronecker
Products, Information and Inference, 2020
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CP-ARLS faster than CP-ALS

0.98

0.96

fit

0.94

0.92

0 5 10 15 20

time (s)

300 x 300 x 300 Random Rank-5 Tensor
with 1% Noise

0.98

0.96

0.94

——  CP-ALS |
0.92 —e— CP-ARLS-NOMIX
—e— CP-ARLS-MIX |

0.9

0 5 10 15 20

time (s)

80 x 80 x 80 x 80 Random Rank-5 Tensor
with 1% Noise

Battaglino, Ballard, & Kolda 2017
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Leverage scores and incoherence

Leverage scores

Given A € RV*" and an orthonormal basis U for span(A), for i € [n], the ith leverage
score

t;(A) = sup (Al

_ 12
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Leverage scores and incoherence

Leverage scores

Given A € RV*" and an orthonormal basis U for span(A), for i € [n], the ith leverage
score

t;(A) = sup (Al

_ 12

Coherence

The coherence of A € RV*", denoted by p(A) is the mazimum leverage score, i.e.,

A) = 0:(A).
u(A) s (A)

We have 5 < u(A) < 1.
We say A is incoherent if ;(A) ~ .
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Is the KRP incoherent?

min | ZBT - X[}

r

BT =

XT

Khatri-Rao Product:

Z:Ad@“'QAk-i-l@Ak—l®"‘@Al

e Lemma 1: (A ® B) = u(A)u(B)
e Lemma 2: u(A©® B) < u(A)u(B)

KRP is incoherent if the factor matrices are!

UT Austin
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Recall: Leverage score sampling

Sampling for LS

Given a matrix A € RV*" and a fixed vector b € RV, let #* = mingcpa || Az — bl|2. Let
S € R™N be a sampling matrix with probabilities p; = ¢;/r, and S = e;/,/mp; with
Pr(j =1i) = p;. f m = O(rlog(r/d)/e) and & = min,ga || S(Ax — b)||2, then, with high
probability,

|Az — bl|s < (1 + €)[|Az™ — b|5.

We also saw a procedure for approximately estimating the leverage scores.
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Sparse Tensors

We can store a sparse tensor in size proportion to its number of nonzeros nnz

55X H X3

Q 0 0 0 é 3

0 0 0 680

0% 0% 09 00 ¢ N:an:75
oo | 0°0° 00000 k=1

0" 0" 0% 0% 0 q = 4 nonzeros

0" 0%01” 0" 0

1 4 1 68

3 1 3 43

_ gxd _ q

C = 4 2 9 eN and v = 35 e RY,

5 3 1 91
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CP for sparse tensors

N>nrn
’ Z e RV BT eR™" XT e RV = KRP costs O(Nr) to form
o = System costs O (Nnr?) to solve
L”r]:cl::ji?(jg(lt)o Unknown | — ) K? I:Ziltsrturcet::lj[lied to O(Nnr)
least squares = KRP structure + data sparse
subproblem Khatri-Rao [ B = Ay, = Cost reduced to O(r nnz(X))
d Product M\::rBe
N = H T (KRP) Spar:e
k=1 Structure
n = Ng+1 ! 1 ! ] For Reddit (mode 3)
] ] ] ] N=1.2B
I| I| I| 'I nnz(X) = 4.7B

L=Ai0- O A X = X(d+1)

min[|ZB" — X '||%
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CP by sampling

min||ZB" — X |2 min |QZB" — QX |2
B B
Nxr T T T Nxn
ZER B ER X ER QZERSXT BT ERT‘XR QXTERsxn
LT Sampled | | Unknown| — | sampled
KRP Data
Khatri-Rao
Product M\?g Be
(KRP) Spa:\s/e Complexity reduced from O(Nnr) to O(snr?)
Structure
1 1
N>rn
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Bounding Leverage Scores

Upper Bound on Leverage Score

A=A, ®A,; ¢ RV*" | Lemma (Cheng et al, NIPS 2016;
Al c B™ e Battaglino et al., SIMAX 2018):

le(A) < £;(A1)(A2)
A t

\ |
A, € RMV k \ Cheap to calculate

Too leverage scores for
) expensive to each submatrix
b calculate O((ny +nx)r?)
O(Nr?)

I I [ 1-1 Correspondence between k and (i, ) ]

ke[N & (i]) €[m]@[n

UT Austin CSE 392/CS 395T/M 397C

Probability of Sampling
row k in A:

.= li(Aa)f(Ar)

r2
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Sampling Piecemeal

Upper Bound on Leverage Score

A=A 6 A; e RV*" | Lemma (Cheng et al., NIPS 2016; Probability of Sampling
Al c R™ wr Battaglino et al., SIMAX 2018): row k in A:
1 ‘ t pk - 2

\ \ | "
As e RMV k Cheap to calculate Choose i ~ p; = £;(Ay)/r

Too leverage scores for . .
. expensive to each submatrix Choose j ~ p; = £;(Az)/r
! calculate O((ny +nz)r?) k=it(—1m
O(Nr?)

I I [ 1-1 Correspondence between k and (i, ) ]

ke[N & (i]) €[m]@[n
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Accuracy of Sketched ALS for 3-way Tensors

Original system with N rows Sampled system with s rows
Xop = argmin | AX — B} Xp = argmin |AX - BJ}

Prob( |AX oo — B3 < (1 +¢)|AX o — Bl|% ) > (1 —-19)

) o r 1 ) 1 ir
if s= 3max{C'log( )’(56} where ;3:7—5 ] € (0,1]

]

= s—r%nax{Clog(g),é}

Larsen & Kolda, SIAM J. Matrix Analysis & Applications (2022)

ti(A)
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Hybrid Deterministic and Randomly Sampled Rows

Deterministic Rows

D,={ie[N]|pi=7}

Sdet = ‘DT‘
Pdet = Z Pi
ieD,
for 1 € D. do
add row Aq(iy,:) =% Ay(ig,:)
end for

QZ c R**"

d
1
pi= g [ An)
k=1

Random Rows

Stnd = § — Sdet

for j=1...,8mq do
repeat

fork=1...,ddo
i +— multi(f(Ayg)/r)

end for
until i & D,

w 4 /{1 — paet)/(Srna pi)

add row w (Aq(iy,:) * - % Ag(ig,:))

end for

1-1 Correspondence between finear index and multi index:
<vig) € ] @ @ [nd]

i€ [N] & (iy,..

J
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Find All High Probability Rows without Computing All Probabilities

* Recall
Sorted Leverages Scores [Descending)

d
1
pi= kli[lfg-k(Ak)

» For given tolerance T > 1/N, define the set of
deterministic rows to include

Dr={ie[N][pi>T}

= Compute without computing all p; values

= Afew high leverage scores means all the others are
necessarily low!

= Use bounding procedure to eliminate most options
= Compute products of at most a top few leverage [

scores in each mode

1-1 Correspondence between linear index and multi index:
ie [Nl (... i) € [n1] ® - ® [nd]
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Efficiently Extract RHS from (Sparse) tensor

QxT e R

Sampled
Data

* Never form X! explicitly

* Precompute linear indices for
every nonzero and every mode

* Results is sparse RHS

Similar in spirit to ideas for dense tensors in Battaglino et al., SIMAX 2018
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CP-ARLS-Lev

Algorithm 3 CP via Alternating Randomized Least Squares with Leverage Scores

1I: function CP-ARLS-LEV(X, r, s, 7.5, m, tol, { A })
2: fork=1,...,d+1 do

3 Pr — £(Ay) /T & Compute scaled leverage scores for initial guess
4: end for

5 repeat

6: forf=1,....ndo p Group outer iterations into epochs
T fork=1,...,d+1do & Cycle through tensor modes
B (idx,wgt,5) + SKRPLEV(Py. ....Py_ 1 . Prgpre -+ Pyyq:5.7) PEF<S
o i_1—KRPSAMP(A1.....Ak-n,Au-l......h.r+|.idx.wgt.) P_iEIR;”
10: X 4« TNSRSAMP(X, k, idx, wgt) > X € R¥"F
11: Ay + argming_ga, - |ZBT - X'

12: p,. + £(AL)/r

13 end for

14: end for

15: Compute fit (exact or approximate) e Computed only after each epoch

16: until fit has not improved by more than tol for 7 subsequent epochs
17: return [Ay, Az, ... Ag]
15 end function




Hybrid leverage score sampling

Single Least Squares Problem with N = 46M rows, r = 10 columns, n = 183 right-hand sides

QZeR BTcR™  OXTeR™ ZB] — X7, ~ |28 - XT,|
max {1, [|ZB] — X7 }
Sampled | | Unknown | — | sympled
KRP Data 10° —»— random
—»— hybrid
B. = arg min |QZBT - QX7|2 107
BeR"
= 3 T_%T|2
B. = arg min |ZBT — XT3
107°
0 2 4
samples .10°
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Matlab Demo
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